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The existence and uniqueness of a T-periodic solution of the nonlinear differential equa-
tion

drr/dt+f(t,z)=0 (n>23) (1)
is proved, and stability of the solutions of the equivalent system
dz/ dt = F(t, 1) )
2= (21, 23y« » oy 3n)y F = (Fy, Foy o ., Fp), 51 =12, Fy = 74

(i=1,2,...,n—1), Fns_f{‘vzl)

is studied. In what follows, £, denotes an n-dimensional Euclidean space of elements
z with the scalar product

n
(2, h) = iz 2hi (3, h = En, | 2]= (z, 2"
=1
The following theorem holds,
Theorem 1, Let the function f (¢, ») satisfy the foliowing conditions:
1) f and af/ 9z are continuous for all ¢, z & (—0, ©0);
2) a number T exists such that f(¢+ T,z)=/f (¢, z) forall t and z;
3) the inequality a < 9f/ 9z < b, where e and & are constants, holds for all ¢
and  Then in each of the following cases:

A n=2k+3 (k=20,1,2,...), ab>0;
by n=4k+4 (k=0,1,2,...), a>0,b>0;
Q) n=14k+6 (k=0,1,2,..), a<0,b<0

the equation (1) has a unique T -periodic solution,
Proof., From [1}it follows that the sufficient condition for a unique T -periodic
solution of the system (2) to exist is, that the conditions

(— (U [8F [ 8z] + [9F ] 82V U)h, k) > k|| 2 @)
IF(ty2) — F(th)ISLiz—kR], 0L = const (4)

hold for all ¢, z = (—oo, ), 2, b & En.Here U is a symmetric reversible matrix with
both positive and negative eigenvalues, and the matrix [dF / 3z)" is a transposition of
dF | 8z , The system (2) has no other restrictions, provided that the conditions (3) and
(4) both hold.

The condition (4) obviously follows from the inequality (3) of the theorem, We shall
show that (3) automatically implies that the matrix U is reversible, as well as the fact
that it has both positive and negative eigenvalues, Indeed, writing for any ¢, 2z° dF (¢,

%)/ 9z =4, we h
#) /02 = A, We haVe | va g ( (UA + AU B <21 AL R | UR]
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therefore | UA | > R/ (2] A |). From here it follows that U is reversible, It is evi-
dent that the matrix A = (a;;) (i, 7= 1,2, ..., n) has the form ap,=—p, = —af (¢,
5°) 1921, @y =1 (i=1,2,...,n—1), with the remaining a;; equal to zero, z° =
(z,°, Zg0y v o oy zn°).

According to the condition of the theorem we can either have py > 0 or py < 0 only,
Let py > 0. The eigenvalues of the matrix 4 can be obtained from the equation /® +
Ppo = 0.and are equal to

i
% 4 2k “_+2“_] (k=10,4,2,...,n —1)
n

I, = YV Pe [cos ——— +isin
Let us assume that the spectrum of U is positive, Then condition (3) implies that
Rely < 0 (k= 0,1, ..., n— 1) (see [2]) and this is impossible since Re/, > 0. As-
sume now that the specttum of U is negative, Condition (3) implies that Relx > 0.
Indeed, if hy is the eigenvector of the matrix A corresponding to Ik, then we have

(— (UA + A'U)hg, hi) = (—UAhg, hg) + (—Uhg, Ahg) =
I (— Uhg, hx) + I (— Uhy, hg) = (2Rely) «(— Uhy, hy) = || ki 1| 2

where /; is a conjugate of /. Since (— Uhy, hy) > 0, we have

2Re Iy > | hxlP / (— Uhy, hg) = | R |2/ (LU T Re 1D =171V

On the other hand, if an integer % is chosen so that Yo — Yy <k <3y — 1Y, then
cos (x -+ 2nk) / n <C 0, which contradicts the condition that Rel; > 0. The case py, <
0 is considered in the same manner,

It follows therefore that the matrix U has both positive and negative eigenvalues,
To complete the proof of the theorem it remains to show that the matrix U satisfies
the condition (3) which implies the nonnegative definiteness of the matrix B = (&;;) (i,
= (1, ..., n) of the form

bll = 2pum -_ 1, bii = —2ui_1i — 1 .
(i=2,3,...,n) by=pum— u;, G=2,3,...,n)
bi]': - (u‘ij—1+ u‘i—lj) (i=2,3,...,n— 1; 7= i+14,i+2,...,n)
where p = 0f (¢, z,) / 8z, u;; (i, 7 = 1, ..., n)are the elements of the matrix U, and
Uji = Ujj.
We shall consider the cases (a), (b) and (c) separately, In the case (a) we set u;_,; =
—1(=2,3,...,n), “ij—1+“i—1j=0(i= 2,3,...,n—1; Jj=i+1, i+ 2
.., m), upp = u. The successive principal diagonal minors T'x (k= 1,2, ..., n) of
the resulting matrix B will have the form
Ty = 2pu 4 agp2 + byp + ¢ (k=1,2,..., 1)

where aqi, by and ¢ are pure numbers, If ¢ > 0 and & > 0, then choosing u > 0 suf-
ficiently large we obtain 1y > 0.If a << 0and b <0, then taking u <0 sufficiently
large in modulo we obtain once again Iy > 0. This, togetherwith the Sylvester criterion,
yields the positive definiteness of the matrix B.

In the case (b) we take w; ;= —1 (i=2,8,...,n/2, n/2+2,...40), w, +
Uy = 0(i=23,...,n—1)G=i4+1,...,n), wyn=u. Then Unjomjorr = — U
and the successive principal diagonal minors of the matrix B will have the form
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2pu+ qup*+byp + ¢, (k=1,2,...,n/2)

' = 2 :
K lapu 2 (@ P2 -Fbp +epul™ (h=n/2+1,...,n)
=1
where ak, bk, Cky aki» bki» Cki are certain numbers, Choosing u > 0 sufficiently large,
we obtain Iy > 0 and this ensures the positive definiteness of the matrix B.
In the case (c) we impose on the elements of the matrix ¢ the restrictions usedin the
case (b) to obtain

Ynfe njet1 = u

2pu+a,p+ bp ¢y (=12, ... »/2)
r,= 2 0 2—i 211
— 4pu + z (ay.p +bkip F ) u (k=n/2+4+1,...,n)
=1

where ay, by, ck, akir bki» cki are certain numbers. Taking u < 0 sufficiently large in
modulo, we obtain Tk > 0. This completes the proof of the theorem,

Note. Inthecases n=4k+ 4, e <0, b<{0and n=14k+6,a>0,6>0
(k—0,1,2,...) ,Theorem 1 is not valid, Indeed, the equations

dtkHz [ diak+s _ (25 [ T)kidz = 0
dék+8y [ giak+e | (2r / T)"”aa: =0

have infinitely many 7-periodic solution.

Since under the conditions of Theorem 1 all requirements of Theorem I1 of [3] are
satisfied for the system (2), the following corollary holds:

Corollary. Let 2°(t) be a unique T -periodic solution of the system (2), Then
manifolds M, and M, exist in the space E, intersecting at the point z° (0) only, and
are such that the following relations hold for the solutions z (t) of the system (2):

fle (1) — 22 N Ne=™ | 2(0) —22(0)|, if t>0 and z(0) =M, (5)
lz () — 22 () IS Ne™ |2 (0) —2° (0)], if ¢<0 and z(0)= M,
flz (1) — 2° (1) | > Ke™, if t>t, and z(0) = M, U M,

where N > 0. K >0, m > 0 and ¢, are constants,

Thus the unique T -periodic solution of the system (2) which is Liapunov unstable, is
conditionally asymptotically stable to the right (left) of the maniford M, (M,). More-
over, a nonlinear exponential dichotomy of solutions (see [3]) exists for the system (2).

Theorem 2, Let the following conditions hold for ¢, z & (—o0, 00).

1) the function f (¢, ) is continuous together with its derivative df/ gz ,and
T -periodic in t;

2) f( 0)=0.
Then the zero solution of the system (2) is unstable in each of the following cases:

a) n=2k+3 (k=0,1,2,...), 9f(t 0)/dr==0;
b) n=4dk+4& (k=0,1,2,...), 0f( 0)/ sz > 0;
) n=4k+6 (k=10,1,2,...), 9f(t.0)/ 3z <0
Proof. Consider the following variational equation for the zero solution of the system
(2: dz /| dt = (OF (t, 0) / 0=)z (6)
All conditions of Theorem 1 hold for (6), therefore the last estimate of (5) which implies
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the positive definiteness of the characteristic Liapunov index of the solution z (¢) of(6),
holds, As we know (see, e. g. [4]), the zero solution of the system (2) will in this case be
unstable, and this proves the theorem.

Equation (1) was considered for » > 3. When » = 2, conditions (1)— (3) of Theorem
1 and the condition ¢ <7 0, b < 0 ensure the existence of a unique 7 -periodic solution
of Eq, (1) and a nonlinear exponential dichotomy of the solutions of the system (2), A
second order equation however, which is more general than (1), was studied in [1].

when n = {,the conditions (1),(2) of Theorem 1 and the conditions

of t,x) / dx >a >0 )
f ¢, x)/ 0x < b L0 (8

together ensure the existence of a unique 7-periodic solution of Eq, (1). This solution is
stable in the whole, and Eq, (1) represents a particular case of a monotonous differential
equation studied in [2],

The author thanks A, I, Perov for the interest shown,
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